ABSTRACT
INTRODUCTION
A heterogeneous 5G cellular network (HetNet) topology consists of macrocells in which there are many small cell low power nodes (LPNs) and one high power node (HPN). The huge benefit of small cells is the increase of coverage and capacity of the network; on the other hand, such a network architecture presents a coordination problem among the small cells that can complicate mobility and interference management. A promising model tackling this problem is the hierarchical local anchor based approach in which one LPN works as a controller for the other LPNs to obtain better mobility and interference management [1] . Although the studies for hierarchical local anchor based HetNets is centered on mobility management [1] - [6] , interference management is as important as mobility management. In this paper, the interference power for the HetNet topology is characterized as a first step towards interference management.
Interference power is determined by the network geometry in which the distribution of nodal distances emerges as a prominent factor [7] . The distribution of distances is well-known for the Poisson Point Processes (PPPs), such that the distance between any node and its nearest neighbor has an exponential distribution for 1-dimensional PPP, whereas the distribution becomes a generalized gamma for the distance between any node and its n-nearest neighbors in 2-dimensional Euclidean space [8] . It is noted that the location of wireless nodes can be well represented in 2-dimensions as a PPP process for large-scale networks. Practical finite networks can be more accurately modeled with a Binomial Point Process (BPP) [9] . In this case, the distance distributions between any node and its nearest and n-nearest neighbors become a Kumaraswamy and a generalized Beta distribution, respectively [10] . These distance distributions are derived for point-point single hop transmission. There are also some other distance distributions for single hop transmissions as well for special network models including planar networks [11] and square networks [12] . Contrary to many nodal distance distributions for single hop transmission, to the author's knowledge, there is not any closed form distance distribution for multi-hop distances. Although [13] analyzes the distance distribution for 1-dimensional multi-hop distances, it does not give a closed form derivation.
In the local anchor based HetNet under consideration, the interference among user equipment (UEs) under the same LPN can be handled locally by the LPN. On the other hand, the interference of UEs, which reside in different LPNs, can only be alleviated at the local anchor. It this model the local anchor allows LPNs to simultaneously transmit on the same frequency band for better resource utilization, which is the main idea behind non-orthogonal multiple access (NOMA). The main interest in this paper is the interference power characterization at the local anchor assuming that each LPN can perfectly control the interference among their UEs by ensuring that only one UE is transmitting at the same time and on the same frequency. The UE data reaches the local anchor in 2-hop transmission, the first hop is in between a UE and a LPN, and the second is between a LPN and the local anchor. Therefore, a distance distribution for 2-hop transmission is necessary to analyze the interference power.
The contributions of this paper as follows. A closed form probability distribution function (pdf) for the distance between the local anchor and a UE is found in terms of the hypergeometric functions for BPP assuming that the finite and fixed number of nodes are uniformly distributed within the area of interest. It will be demonstrated that the derived pdf gives accurate interference power estimates in certain conditions. Moreover, an expression is found for the outage probability in terms of the derived pdf. These findings will present insights about the level of interference in two-layer hierarchical local anchor based HetNets. There can be many application areas of these results; for example, guidance such that UEs can adjust their transmission power accordingly or LPNs are optimally positioned to minimize interference.
The structure of this paper is as follows. The system model and problem statement are given in Section II and Section III followed by the total distance distribution in Section IV and its applications in Section V. The paper ends with the concluding remarks in Section V.
SYSTEM MODEL
A two-level hierarchical HetNet under the local anchor that has uniformly distributed finite number of nodes including LPNs and UEs is illustrated in Figure 1 . In this model, LPNs composing the first tier (FT) nodes can directly access the local anchor (LA), whereas the secondtier (ST) UE nodes can only access the FT nodes. This means that there is a 2-hop transmission scheme for UEs. Throughout the paper, it is assumed that local anchor allows FT nodes to simultaneously transmit on the same frequency which increases throughput, but which leads to interference among UEs belonging to different LPNs. Although the interference of UEs that are under the same LPN can be managed locally by the LPN, the interference of UEs for different LPNs can only be alleviated at the local anchor. The focus of this paper is determining the interference at the local anchor due to simultaneous transmissions of UE nodes that are coordinated with different LPNs assuming that the interference under a LPN node can be perfectly controlled by this LPN via a multiple access method. Suppose that there are N number of uniformly distributed nodes including N1 FT nodes and N2 ST nodes around each FT node, and all of them are considered as one point within a BPP around a local anchor node, which can be considered as a reference node. The distance between any FT and ST node is labeled as d1, and d2 represents the distance in between the local anchor and FT nodes, the total distance of UEs from the local anchor becomes the sum of d1, and d2. To perform a stochastic geometry analysis to characterize the interference power of simultaneous transmission of UEs on the same frequency, it is crucial to characterize the distance distributions among nodes. For this purpose, the pdf of the sum of d1, and d2 is analyzed in the rest of the paper.
PROBLEM STATEMENT
It is hard to estimate the exact locations of nodes due to the randomly deployed nature of the nodes. Then, it is important to obtain a distance distribution function that can specify the network geometry and give sufficient information to measure the interference power or make some other network performance measures. Based on this motivation, a stochastic geometry analysis is performed for a two-tier hierarchical network in terms of the nodal distance distributions. Indeed, one of the fundamental goals of this paper is to find the pdf of the total distance between the local anchor and UE, which is Notice that the distribution between two nodes for a BPP follows the generalized beta distribution [4] , therefore, d1 and d2 have both generalized beta distributions. Based on this, a closed form pdf of d can be found. The sum of many beta distributions converges to the Gaussian distribution provided that their variances are not large compared to the sum, following the Central Limit Theorem. However, this theorem is not valid for the pdf of (1), because it is just the summation of two pdfs. Moreover, the conventional approach of multiplying moment generating functions and taking inverse Laplace transform does not give a closed form result for the sum of two generalized beta distributions.
The principal goal in this paper is to determine the interference experienced by a local anchor caused by ST UE nodes. The interference power seen by the reference local anchor node is highly related with the distance of the interferer source and can be simply characterized using stochastic geometry as [7] such that Px, Gx, dx and α are the transmission power, power fading coefficient, distance of the interferer node and the path loss exponent, respectively. The outage probability contingent upon (2) when the noise is negligible with respect to the interference is specified as where S is the desired signal power. As a result, this paper deals with the pdf of (1), and the expressions in (2) and (3).
TOTAL DISTANCE DISTRIBUTION
Interference analysis of finite-area networks is more challenging than for infinite size networks [10] . Indeed, the problem becomes more difficult for hierarchical networks, in which the nodes belongs to different groups can interfere at higher layers. The analysis begins with finding the pdf of total distance that is the summation of the interferer's distance in different tiers. To make the analysis more general, we specify the nth neighbor interferer nodes in which n=1 is trivially refers to the nearest neighbor case.
The pdf of the nth nearest neighbor FT node to the reference local anchor node can be specified by modifying the result of [4] for a two-level hierarchical network to where B(.,.) is the beta function and β is the beta distribution. Similarly, the pdf of ST interferer node's n th nearest neighbor around each FT node is
The nearest neighbor distances of d1 and d2 belonging to the first and second tier are independent from each other, because each node is independent and identically distributed (i.i.d.) within the area of interest, and hence the nodes' locations are independent from each other, and so are d1 and d2. Therefore, due to (1), the total nearest neighbor distance can be expressed in terms of (4) and (5) such that where * denotes linear convolution, and [14] Assigning d / dmax to x and changing the integral variable from d to x simplifies the integral in (7) resulting in
For the sake of simplicity, take Then, the pdf of d can be expressed in terms of hypergeometric functions as where F(.,.,.,.,.,.) is the Appell hypergeometric function.
The closed form pdf of the total distance distribution between the local anchor and any ST node is numerically evaluated when dmax is normalized to 1 and the number of ST nodes around FT is small such that N1 >= N2. For these settings, the pdf of the total nearest neighbor distance is depicted in Figure 2 , which shows that the variance of the pdf decreases for larger values of N2. On the other hand, in a more realistic case for the IoT segment of 5G networks, where the number of UEs are extremely high, the pdf becomes as in Figure 3 for N1 < N2. As can be seen from the plot, the pdf converges to exponential distribution shifted with 0.5. 
APPLICATIONS
The interference power measured at local anchor or reference node can be characterized as
where Фx = {x1, x2, . . . , xN1} are the locations of ST nodes that create interference at the local anchor. The number of interferer ST node at the local anchor at a given time is N1 because we assume that the ST nodes under a FT node can be coordinated by this node so that only the ST nodes belonging to the different FT node, whose number is assumed to be N1, can interfere with each other, because the local anchor allows FT nodes transmitting simultaneously on the same frequency. The symbol l(||.||) denotes the well-known path loss function as l(||x||)=||x||-α. And, (11) can be written in terms of the nodal distances as
The exact interference power at the local anchor due to simultaneous transmission of ST node's data through the FT node can be written as where dx,1 is the nodal distance between ST and FT nodes whose corresponding fading coefficients are Gx,1, and dx,2 represents the distance between FT node and local anchor with fading coefficient Gx,2. The major problem with (13) is that there is no closed form distribution of dx,1dx,2. On the other hand, if the interference at the local anchor is approximated by assuming that the ST node can directly transmit to the local anchor node, the derived pdf can be utilized to characterize the interference, e.g., (12) is employed for dx= dx,1+ dx,2. Then, one can roughly calculate the interference power and find an approximation for that.
It is critical to determine the tightness of the interference power approximation found by using the derived pdf of the total distance between the ST node and local anchor. Accordingly, the error in the interference power characterization can be produced as
Assuming the interference is dominated by the nearest neighbor, and unit transmission power and power fading without any loss of generality, the error is given by
The numeric evaluation of (15) is presented in Figure 4 for the worst-case scenario, i.e., the maximum erroneous situation that occurs when dx,1 = dx,2. As expected, the error becomes smaller when the distances become larger. Moreover, the error decreases exponentially for the higher values of the path loss component α. One crucial point is that knowledge of the distance distribution among nodes is required to calculate the mean interference power; otherwise it is not possible to obtain the mean interference power and so the impact of interference cannot be determined. The derived pdf also provides a useful methodology for the determination of the outage probability. If the SINR is less than the threshold value ϴ, an outage occurs. Assuming that the noise is negligible with respect to interference dominated by the nearest neighbor and the desired signal is located at unit distance from the local anchor that is not a part of the original point process with unit transmission power and channel fading coefficient yields Note that the same approximation is used to make an outage probability analysis for single hop transmission as well in [10] . Then (16) can be expressed as where z= (ϴPxGx)1/α. This probability can be easily specified in terms of the pdf for a given ρ that we obtain as Equation (18) is numerically evaluated when N1 = 8 and N2 = 8, and N1 = 8 and N2 = 256 to present more specific outage probability results as illustrated in Figure 5 . As can be seen, the number of FT and ST nodes do not significantly affect the outage probability performance.
The above results can be directly incorporated in the design of two-tier hierarchical networks. Accordingly, there can be restrictions on the deployment of nodes to increase the overall network reliability depending on the nodal distance distributions. Although it may not possible to control all ST nodes, since these nodes are UEs, the location of FT nodes, which are likely base stations, can probably be controlled so that their locations are adjustable. Therefore, the locations of FT nodes can be arranged by considering the pdf of the total distance. Moreover, each ST node will choose a proper transmission range to reduce the interference using the above results. Figure 5 . Outage probability of the transmitted signal due to interference at local anchor
CONCLUSIONS
One of the most important issues in using stochastic geometry to analyze system performance is to find the nodal distance distribution that characterizes the interference power. This can directly affect the reliability of the network. For local anchor based HetNets the pdf of the total distance, which requires 2-hop transmission for UEs to reach the local anchor, is attained as a closed-form expression in terms of hypergeometric functions. The derived pdf can constitute a general mathematical framework to determine the interference from the kth nearest neighbor interference from the first layer and the nth nearest neighbor interference from the second layer.
The derived pdf can be directly used while determining the interference power with a small error provided that the distances and channel path loss coefficient are large. An outage probability expression can be obtained in terms of the pdf of the total distance as well. These results can be utilized in deployment of FT nodes and adjustment in the transmission range of ST nodes to manage interference.
